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Abstract
In supersymmetric models, the CP asymmetry produced in the decay of the
lightest right-handed neutrino,  , can be written as a function of weak scale
parameters. We introduce a way of separating  into contributions from the
various weak-scale phases, and study the contribution of potentially measurable
neutrino phases to leptogenesis. We find that the Majorana phase φ0, which
could have observable effects on neutrinoless double beta decay, is important for
 unless there are cancellations among phases. If the phase δ can be measured at
a neutrino factory, then it contributes significantly to  over much of parameter
space.
1 Introduction
CP violation is one of the ingredients [1] required to generate the Baryon Asymmetry
of the Universe (BAU) [2]. After the discovery of neutrino oscillations[3,4], leptogenesis
[5] stands as one of the most appealing explanations for this asymmetry. Although CP
violation has not yet been observed in the leptonic sector, it could perhaps be seen
at a neutrino factory, or in neutrinoless double beta decay. It is therefore interesting
to investigate whether there is any relation between the CP violation required for
leptogenesis and the phases that could be measured at low energies in the neutrino
sector.
The seesaw model [6] for neutrino masses is usually analyzed in terms of high-energy
parameters, not accessible to experiments, and the resulting predictions are (texture)
model-dependent. The above question has been addressed in such an approach [7{9].
Instead, we parametrize the seesaw in terms of weak scale variables [10]. This gives
us a model-independent formulation of leptogenesis in terms of low energy inputs, in
which we can study the above question.
The aim of this paper is to quantify, in a model independent way, the relation of
the CP violation required for leptogenesis to the measurable low-energy phases. We
express the CP asymmetry of leptogenesis as a function of real parameters and phases
at the weak scale, and then introduce a denition of \phase overlap" between the
leptogenesis phase and the individual low energy phases. This denition is not the
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only possible one, but has linearity properties and is calculable. It is motivated by the
notion of vector space, spanned by low energy phases (\basis vectors"), in which the
CP asymmetry of leptogenesis is a \vector". The relative importance of a low energy
phase for leptogenesis would then be the \inner product" of the leptogenesis \vector"
with the relevant \basis vector". We will not be able to construct such a vector space,
but it is a useful analogy to keep in mind.
The paper is organized as follows: the next section introduces CP violation in the
leptonic sector. Section 3 contains the basic concepts of the supersymmetric see-saw
and the generation of the BAU by leptogenesis, from a top-down point of view. In Sec-
tion 4 we review the procedure to reformulate the see-saw mechanism from a bottom-up
perspective. This will allow us to study leptogenesis in terms of low energy data, open-
ing the possibility of relating, in a straight-forward way, the Baryon Asymmetry of
the Universe with the CP violation measurable at neutrino factories. In section 5 we
develop the general formalism to study quantitatively the above-mentioned relation. In
Section 6 and 7 we show the results of our analysis, rst for a particular case, and then
for a more general case. In section 8 we present a self-contained summary and conclu-
sions. Finally, we include an appendix with the procedure to evaluate numerically the
contributions from the low-energy phases to leptogenesis.
2 Flavour and CP violation in the leptonic sector
In the last few years, the Superkamiokande collaboration [4] has provided compelling
evidence that neutrinos have mass and oscillate. More recently, the SNO collabora-
tion [11] has conrmed the oscillation hypothesis, and the rst neutral current data
[12] seem to favour the large angle MSW (LAMSW) solution to the solar neutrino
problem [13]. These results, combined with those from a series of other experiments
[14], have allowed to measure fairly well the mass splittings and mixing angles relevant
for solar and atmospheric neutrino oscillations. In addition to this, other experiments
have provided bounds on neutrino parameters from electron antineutrino disappearance
(CHOOZ)[15], the non-observation of neutrinoless double beta decay [16], the shape
of the tritium beta decay spectrum [17], and dierent cosmological and astrophysical
considerations. However, no evidence has been found so far for CP violation in the
leptonic sector.
The search for leptonic CP violation is theoretically motivated by several facts.
First, the discovery of CP violation in the leptonic sector could shed some light on
the mechanism that generates neutrino masses and perhaps hint at some underlying
structure. Secondly, the observation of CP violation in the quark sector, (in the neutral
kaon system, 0=, and in B !  Ks), encourages the search for CP violation in the
neutrino sector. If there exists a symmetry relating quarks and leptons, these exper-
imental results would point to CP violation also in the leptonic sector. Furthermore,
particular models would give denite predictions that could be contrasted in the fu-
ture. Lastly, and most importantly for the purposes of this paper, CP violation in the
leptonic sector could be related to the observed Baryon Asymmetry of the Universe.
This is possible in the context of the see-saw mechanism.
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On the experimental side, the leptonic version of the CKM phase can be detected
by comparing transition probabilities for neutrinos and antineutrinos:
A =
P ( ! )− P ( ! )
P ( ! ) + P ( ! ) : (1)
Unfortunately, it is not possible to measure such an asymmetry with the natural sources
of neutrinos, i.e. the Sun and pions decaying in the atmosphere, since the \beam"
cannot be switched from  to . Hence, a lot of eort is being bestowed on the
design of a neutrino factory [18,19]: an intense muon source to produce a high-intensity
neutrino beam. In the muon storage ring, muons decay to produce muon neutrinos
and electron antineutrinos. Whereas a muon neutrino would produce a muon in the
detector, the oscillation of an electron antineutrino to a muon antineutrino would
produce an antimuon. This antimuon (a \wrong sign" muon) would be a clear signature
for oscillation, and P (e ! ) could be determined. One of the advantages of a
neutrino factory is that the muons in the storage ring can be replaced by antimuons.
This makes possible the measurement of P (e ! ) and hence the CP asymmetry.
In practice, detecting CP violation in the neutrino sector is not an easy task [20,19],
since the beam has to go through the Earth, that is CP asymmetric. In consequence,
the matter eects on the oscillation pattern can obscure the CP violation intrinsic to
neutrinos.
If neutrinos have Majorana masses, as predicted by the seesaw mechanism, there
are also \Majorana" phases, in addition to the \Dirac" phase that could be detected at
a neutrino factory. Neutrinoless double beta decay could be sensitive to these phases
(see however [21]). This lepton number violating, but CP conserving, process probes
the Majorana neutrino mass matrix element between e and e, which depends on the
masses and mixing angles, and also on the Majorana phases. Neutrinoless double beta
decay is not observed at the moment. However, experiments which should see a signal,
for the currently favored masses and mixing angles (LMA), are being discussed [22].
The see-saw mechanism [6] consists of adding three right-handed neutrinos to the
Standard Model (SM) particle content, singlets with respect to the SM gauge group,
and coupled to the Higgs doublet through a Yukawa coupling. Then, a Majorana mass
term for the right-handed neutrinos is not forbidden by the gauge symmetry, and can be
naturally much larger than the scale of electroweak symmetry breaking. These simple
assumptions are enough to produce neutrino masses naturally small 1. Furthermore, if
CP is violated in the leptonic sector, the decay of the right-handed neutrinos in the early
Universe produces a lepton asymmetry [5,25] that will be eventually reprocessed into
a baryon asymmetry by sphalerons [26]. This leptogenesis scenario will be discussed in
more detail in section 3.
In supersymmetric models, the seesaw mechanism can induce flavour violating pro-
cesses involving charged leptons that could be observed in the future [23]. The neutrino
Yukawa couplings generate o-diagonal elements in the slepton mass matrix, via renor-
malization group running. These flavour violating mass terms contribute inside loops
1Nevertheless, this minimal model has a serious hierarchy problem: the right-handed neutrinos
produce a (large) quadratically divergent radiative correction to the Higgs mass. Therefore, in what
follows, we will restrict ourselves to the supersymmetric version of the see-saw mechanism.
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to processes such as  ! eγ,  ! γ and  ! eγ. This has been extensively studied
from various theoretical [27] and phenomenological [28,29,24] perspectives. The cur-
rent experimental bound [30] on  ! eγ imposes some restrictions on the parameter
space of the SUSY seesaw. It is anticipated that the sensitivity to  ! γ and ! eγ
could improve by as much as three orders of magnitude [31] in forthcoming years. This
would provide interesting information about the flavour structure of the SUSY seesaw,
irrespective of whether lepton flavour violation is observed or not.
In this paper, we will concentrate on the possible relation of the CP asymmetry in
the leptonic sector with the Baryon Asymmetry of the Universe, in the framework of
the supersymmetric leptogenesis. We suppose that the BAU is generated in the out-
of-equilibrium decay of the lightest right-handed neutrino. The CP violation that gives
rise to the BAU is not straight-forwardly related to the CP violation that could be
observed at low energy. This has been carefully and elegantly discussed, using Jarlskog
invariants in [7]. These authors have also studied the relation of the leptogenesis phase
to low energy phases in certain classes of models [8]. The goal of this paper is to
investigate the interplay between the CP violation at very high energies and at low
energies, in a model independent way. We will also comment on the prospects to
observe CP violation at a neutrino factory or in neutrinoless double beta decay, in
view of the measured BAU, and inversely, what could be inferred about the BAU if
CP violation is observed at low energy.
3 The see-saw mechanism and leptogenesis: the
top-down approach










where Li and eRi (i = e; ; ) are the left-handed lepton doublet and the right-handed
charged-lepton singlet, respectively, andHd (Hu) is the hypercharge −1=2 (+1=2) Higgs
doublet. Ye and Y are the Yukawa couplings that give masses to the charged leptons
and generate the neutrino Dirac mass, and M is a 3  3 Majorana mass matrix that
does not break the SM gauge symmetry. We do not make any assumptions about the
structure of the matrices in eq.(2), but consider the most general case. Then, it can be
proved that the number of independent physical parameters is 21: 15 real parameters
and 6 phases [33].
It is natural to assume that the overall scale of M, denoted by M , is much larger
than the electroweak scale or any soft mass. Therefore, at low energies the right-handed
neutrinos are decoupled and the corresponding eective Lagrangian reads
Llep = ecRTYeL Hd −
1
2
(YL Hu)TM−1(YL Hu) + h:c:: (3)
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So, after the electroweak symmetry breaking, the left-handed neutrinos acquire a Ma-
jorana mass, given by
M = mDTM−1mD; (4)
suppressed with respect to the typical fermion masses by the inverse power of the large
scale M .
We will nd convenient to work in the flavour basis where the charged-lepton
Yukawa matrix, Ye, and the gauge interactions are flavour-diagonal. In this basis,
the neutrino mass matrix, M , can be diagonalized by the MNS [34] matrix U , dened
by
UTmU = diag(m1 ; m2 ; m3)  Dmν ; (5)






and the mi can be chosen real and positive. Also, we label the masses in such a
way that m1 < m2 < m3 . We will assume throughout the paper that the light
neutrinos have a hierarchical spectrum. The CP asymmetry required for leptogenesis
is suppressed for degenerate neutrinos [35], so we neglect this possibility. U can be
written as
U = V  diag(e−i=2; e−i′=2; 1) ; (7)
where  and 0 are CP violating phases (if dierent from 0 or ) and V has the ordinary
form of the CKM matrix
V =
 c13c12 c13s12 s13e
−i
−c23s12 − s23s13c12ei c23c12 − s23s13s12ei s23c13
s23s12 − c23s13c12ei −s23c12 − c23s13s12ei c23c13
 : (8)
It is interesting to note that the neutrino mass matrix, M , depends on 9 parameters:
6 real parameters and 3 phases. Comparing with the complete theory, we discover
that some information has been \lost" in the decoupling process, to be precise, 6 real
parameters and three phases. We will return to this important issue later on.
Another remarkable feature of the see-saw mechanism is that it provides a natural
framework to generate the baryon asymmetry of the Universe, dened by B = (nB −
nB¯)=s, where s is the entropy density. This quantity is strongly constrained by Big Bang
Nucleosynthesis to lie in the range B ’ (0:3− 0:9) 10−10, to successfully reproduce
the observed abundances of the light nuclei D, 3He, 4He and 7Li [36]. As was shown by
Sakharov, generating a baryon asymmetry requires baryon number violation, C and CP
violation, and a deviation from thermal equilibrium. These three conditions are fullled
in the out-of-equilibrium decay of the right-handed neutrinos and sneutrinos in the
early Universe. For conciseness, and since we are concerned only with supersymmetric
leptogenesis, in what follows we will use right-handed neutrinos, and the shorthand
notation R, to refer both to right-handed neutrinos and right-handed sneutrinos.
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Let us briefly review the mechanism of generation of the BAU through leptogenesis
[5,25]. At the end of inflation, a certain number density of right-handed neutrinos, nR ,
is produced, that depends on the cosmological scenario. These right-handed neutrinos
decay, with a decay rate that reads, at tree level,














The value of (nR +n˜R)=s depends on the particular mechanism to generate the right-






where ΓDi is the CP conjugated version of ΓDi, is determined by the particle physics
model that gives the masses and couplings of the R. Finally,  is the fraction of the
produced asymmetry that survives washout by lepton number violating interactions
after R decay. To ensure   1, lepton number violating interactions (decays, inverse
decays and scatterings) must be out of equilibrium when the right-handed neutrinos
decay. In the case of the lightest right-handed neutrino R1 , this corresponds approx-
imately to ΓD1 < HjT’M1, where H is the Hubble parameter at the temperature T ,








< 5 10−3eV: (12)
This requirement has been carefully studied [25,37,45]; the precise numerical bound on
m˜1 depends on M1, and can be found in [37].
The last step is the transformation of the lepton asymmetry into a baryon asym-
metry by non-perturbative B+L violating (sphaleron) processes [26], giving
B =
C
C − 1L; (13)
where C is a number O(1), that in the Minimal Supersymmetric Standard Model takes
the value C = 8=23.
In this paper, we assume that a sucient number of R were produced | thermally,
or in the decay of the inflaton, or as a scalar condensate of ~Rs, or by some other
mechanism. We will concentrate on the step of leptogenesis that is most directly
related to neutrino physics, namely the generation of a CP asymmetry, , in the decay
of the right handed neutrinos. It is convenient to work in a basis of right-handed
neutrinos where M is diagonal
M = diag(M1;M2;M3); (14)
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with Mi real and 0  M1 < M2 < M3. In this basis, the CP asymmetry produced in
the decay of Ri reads






























Here, we will assume that the masses of the right-handed neutrinos are hierarchical. We
also assume that the lepton asymmetry is generated in the decay of the lightest right-
handed neutrino. This second assumption is critical; if the asymmetry was generated
by the decay of R2 or R3 , it would depend on a dierent combination of phases. This
assumption is also dubious if the R are produced thermally, because the R1 mass,
M1, is severely constrained in SUSY models. To get a large enough baryon asymmetry,
M1 > 10
8 GeV is required [35,38], but M1 must be less than or of order the reheat
temperature Treh. To avoid overproducing gravitons in the early Universe, Treh is
required to be < 109 − 1010 GeV [40].
With these approximations, the CP asymmetry is




























The CP asymmetry depends on quantities that appear in the superpotential of
the complete theory, eq.(2), and that are not directly measurable with experiments.
However, these quantities can be related to neutrino and sneutrino parameters, as we
will discuss in the next section. One of the goals of this paper is to implement in an
explicit way these constraints on the CP asymmetry, eq.(18).
4 The see-saw mechanism and leptogenesis: the
bottom-up approach
Our starting point will be the procedure presented in [10]. In the basis dened in
section 3, where the charged lepton mass matrix and the right-handed Majorana mass
matrix are diagonal, the neutrino Yukawa coupling must be necessarily non-diagonal.




It is clear that the CP asymmetry depends just on VR and DM. These quantities
are related to the physics of the right-handed neutrinos and are not directly testable
by experiments, since they are related to very high energy physics. However, there
is a reminiscence of VR and DM in the low energy neutrino mass matrix that can be
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exploited to obtain information about the high-energy physics from the neutrino data.















From this equation we can solve for VR and DM in terms of M , DY and VL. M
is constrained by neutrino experiments, whereas DY = diag(y1; y2; y3) and VL are


















i(’12+’23) − cL23sL13cL12ei’13 −sL23cL12ei’23 − cL23sL13sL12ei(’13−’12) cL23cL13
 ;
(21)




ij = sin 
L
ij , being 
L
ij the angles in the VL matrix.
Interestingly enough, in certain scenarios, the parameters DY and VL can be con-
strained experimentally. For example, in a scenario of minimal SUGRA, with just the
MSSM+3Rs below the GUT scale, DY and VL can in principle be extracted from
the radiative corrections to the left-handed slepton mass matrix, since the correspond-




Y VL. To be more precise, at low


















The o-diagonal terms in m2
‘˜;˜
manifest themselves in processes like  ! eγ or  !
γ, that could be observed in the near future 2. In addition to this, at tree level
the three sneutrino masses are degenerate. However, radiative corrections induce a
non-universality among the masses that could perhaps be measured experimentally
[42]. All these measurements could be used to disentangle some information about
the neutrino Yukawa matrix and the right handed masses from radiative corrections.
A more detailed discussion of obtaining information about the complete theory from
low energy data can be found in [10]; see [43] for a recent analysis of ‘j ! ‘iγ in this
approach.
The VL; DY low-energy parametrization has several advantages. If we treat the 9
parameters of the neutrino mass matrix as \known", there are 9 remaining unknown
variables in the seesaw: three phases and six real numbers. Possible parametrizations
of these unknowns are DY and VL, DM and the orthogonal complex matrix R [24], or
as in [43]. The angles and phases of VL are related in a simple way to the lepton flavour
violating slepton mass matrix entries. These o-diagonal (in the charged lepton mass
eigenstate basis) entries are currently constrained and could possibly be determined by
radiative lepton decays ‘j ! ‘iγ. The eigenvalues of DY are more dicult to determine




scenario of mSUGRA with the MSSM+3νRs below the GUT scale apply for a wide class of models,
since one does not expect cancellations among the different terms in the RGEs, or with the off-diagonal
elements of the tree-level slepton mass matrix.
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experimentally. However, we do measure the Yukawa matrix eigenvalues for the quarks
and charged leptons, so we can make theoretical guesses of the Y eigenvalues with more
condence than e:g: guessing the R Majorana masses.
It is convenient for our leptogenesis analysis to parametrize the sneutrino mass
matrix with DY and VL. It would be more correct to express the lepton asymmetry in
terms of the magnitude and phases of slepton mass matrix elements 3. Alternatively,
there is an intermediate parametrization, which can be useful for analytic estimates.
The parameters we use, VL and DY , determine Y
y



































and M˜k = Mk log
Mk
MGUT
, it is possible to rewrite eq.(20)
but using tilded parameters. So, one could parametrize the see-saw mechanism with
the neutrino mass matrix, M, and V˜L, D˜Y , that are directly related to the leading-log
approximate solution of the left-handed slepton RGEs. Also, from the denitions, it
is straightforward to relate VL and DY with their tilded-counterparts. However, since
SUSY has not yet been discovered, we use VL and DY , with the knowledge that we can
calculate [m2˜ ] from these parameters. This choice will be important when we discuss
phase overlaps.
We turn now to expressing the CP asymmetry in terms of neutrino masses, the
MNS matrix, and other unknown parameters encoded in DY and VL. We can make
an analytic approximation indicating the dependence of the CP asymmetry  on our
low energy parameters. To derive these estimates, we rst assume M3  M1 and
y1  y2; y3. Then we assume that [M−1yM−1]11 is the largest element of M−1yM−1,
in the basis where Y is diagonal. As we will see, this is usually reasonable.







(Tr)2 − 4 (11tr + det− [12]2 − [13]2)
}
; (24)
where Tr is the trace of the 3-d matrix, and tr and det are dened on the 2-3 subspace.
In the limit where M3 ! 1, this formula can be applied to the hermitian matrix
M−1yM−1:




To obtain simple expressions, we would like to expand eq. (24) in small dimensionless
parameters. So to avoid confusion, we scale a factor y41 out of M−1M.
The largest eigenvalue of  will be of order m2 , as can be seen by dening  
y1D
−1
Y = diag f1; 2; 3g and






yV yL W DmνW y ; (26)
3We will follow this approach in a subsequent publication [44].
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which gives
 = y2 : (27)
We take y3 = 1. The matrix W = VLU is the rotation from the basis where the L
masses are diagonal to the basis where the neutrino Yukawa matrix YyY is diagonal.
The dominant contributions to the matrix elements of  can be calculated as an
expansion in 2 and 3. Only 11 is zeroth order in 2 and 3, so generically 11 

























We can use this eigenvector to evaluate eq. (18), and nd






























where we have dropped terms of order 2 and 3, and recall that W is the rotation
from the basis where the L masses are diagonal to the basis where Y
y
Y is diagonal.
It is important to notice that the CP asymmetry depends only on the rst row of
the matrix W , that in turn depends only on the rst row of VL. In the parametriza-
tion that we have chosen for VL, eq.(21), the rst row depends on two angles and
two phases. Therefore, at the end of the day, the CP asymmetry depends on the
neutrino mass matrix and ve unknown parameters: y1, two angles and two phases.
Note that for generic , the order of magnitude of  is xed by y21. For the GUT-
inspired value y1 ’ mu=mt  10−4,   10−9 unless there is some amplication in
Imf[y]1111g=([y]11j11j2).
5 Phases for leptogenesis
From the previous discussion, we nd that in the parametrization we have chosen, the
CP asymmetry depends on ve phases, namely the phases in the MNS matrix, , 
and 0, and the phases in the rst row of the VL matrix, ’12 and ’13. In this section we
would like to study the relative importance of these phases on the CP asymmetry, and
whether any of them could be considered as the \leptogenesis phase", i.e. the phase
that is fully responsible of the CP asymmetry.
To this end, we rst introduce a denition of \overlap" between the \leptogenesis
phase" and the low energy phases. At the end of the section, we will discuss issues
raised by our denition.
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We dene the contribution to the CP asymmetry from a phase  (this is not quite
what we call a phase overlap) such that the total CP asymmetry is the sum of the
dierent contributions:
 =  +  + ′ + ’12 + ’13 : (31)
To obtain a decomposition of the CP asymmetry in this way, and give a more




Ajklmn sin(j + k+ l
0 +m’12 + n’13) : (32)

















with f; ; γ; ; g elements of the ordered set f; ; 0; ’12; ’13g. Note that the subindices
of the C’s are ordered, so  <  < 0 < ’12 < ’13. (to avoid double counting, only C








Ajk000 sin(j + k) (35)
C′ =
∑
j 6=0;k 6=0;l 6=0
Ajkl00 sin(j + k+ l
0) (36)
and so on.
We can now rewrite the summation eq.(33) in a way that resembles eq.(31). It is
clear that C is a contribution from  to the CP asymmetry, so it must be one of the
terms in . On the other hand, C is a contribution from , but also from , and it is
not possible to conclude whether it is a contribution from  or from . So, we will say
that C contributes in C=2 to  and in C=2 to . This rationale can be applied
to the rest of the terms in the expansion eq.(33) to nally obtain





















and similarly for , ′ , ’12 and ’13 . It can be checked that with this decomposition,
eq.(31) holds.
In this analysis, we are only concerned with the relative contributions of the dif-
ferent phases to the CP asymmetry, and not with the overall magnitude of the CP
asymmetry itself (that is essentially determined by the unknown parameter y1). So, we
normalize the dierent contributions to 1, and dene \phase overlap" as the normalized
contribution from a phase to the CP asymmetry. This quantity measures the relative
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importance of that phase for the CP asymmetry compared to the rest of the phases.







O2 = 1 and 0  O  1. Had we chosen a linear normalization, i.e.
O = =, in some regions of the parameter space jOj could be larger than one, due to
cancellations among the dierent ’s. So, we prefer to use a quadratic normalization,
that satises 0  O  1 to better represent the fractional contribution of the phase 
to .
The overlap dened in eq.(38) measures the importance of  for , provided that
the phases in the expansion are independent and \orthogonal". In any parametrization
of the seesaw, six phases are required, so independence is automatic. The importance
of \orthogonality" can be understood by analogy with linear algebra, where a vector
can be uniquely decomposed in its components along a given orthonormal basis. Simi-
larly, the phases of our parametrization must be \orthogonal", as well as independent,
to have a unique denition of the fraction of  due to . However, a mathematical
denition of \orthogonality" is dicult, perhaps impossible, because we do not have
an inner product between phases. So we opt for a physical notion: we assume as \or-
thogonal" the so-called \physical" phases, the phases that could be measured at low
energy | in practice, or in principle in the best of all physicists worlds. The situa-
tion is analogous to the analyses of the Constrained MSSM, whose parameter space
is spanned by the universal scalar mass (m0), gaugino mass (M0) and trilinear term
(A0), tan and sign. Since we ignore the particular mechanism of SUSY breaking,
that moreover is not directly testable by experiments, we regard these parameters as
independent and \orthogonal", and scan the parameter space looking for predictions
that are independent of the details of the SUSY breaking. Obviously, in a top-down
approach to supersymmetry, where a particular SUSY breaking scenario is assumed,
there exists relations among these parameters (for example, in a string scenario with
dilaton dominated SUSY breaking, M0 = 
p
3m0, A0 = −M0). Similarly, in a top-
down approach to the see-saw mechanism, where a neutrino Yukawa texture is assumed,
our low-energy phases could not look \orthogonal", but we can only know about these
relations if we know the details of the neutrino Yukawa texture, that are not accessible
to experiments (as is the SUSY breaking physics). So, following the same spirit as in
the more familiar analyses of the Constrained MSSM, we forget about the high-energy
physics and span the parameter space by those quantities that are most closely related
to experiments, assuming that they are \orthogonal".
Notice that the choice of low energy phases is important | had we parametrized
with the phases of U and W , then from eq. (30),  depends only on the phases of W1i
and is independent of the MNS phases. Similarly, if the seesaw is parametrized using
U and the complex orthogonal matrix R, The MNS matrix cancels out of the equation
for , and the  dependence of  is buried in R.
The measurable phases of the slepton sector are those of the slepton mass matrices,
so we should expand  on , 0, , and the phases of [ ~m2]ij . However, we nd it
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convenient to parametrize the seesaw in terms of VL and DY , rather than [ ~m
2
L], as
discussed in section 4. The [ ~m2]ij are therefore functions of the real angles of VL, as
well as the phases of VL, so ’12 and ’13 are not quite the correct physical phases.
We expect this choice to have little eect on the relative importance of  and 0 for
leptogenesis. VL is closely related to the slepton mass matrix, and in the limit that the
real angles in VL are small, the phases of ~m
2
˜ are those of VL (or
~VL) in leading log.
To avoid possible confusion, observe that our notion of \leptogenesis phase" diers
from the one introduced in [38], who write  = max sin  where max is the upper bound
on . The asymmetry is the imaginary part of a complex number   Imfjcjeig =
jcj sin , so we interpret the \leptogenesis phase" to be .
The denition, eq. (38), of the fraction of  that is due to , depends on eight
unknowns: three real angles and the ve phases. We assume that the real angles could
be measured, so we present results for dierent xed values of the angles. We take
random values of the phases, linearly distributed between 0 and 2, and make scatter
plots of the overlaps fOg. If most of the points are distributed at jOj2 > :3, we
conclude that the phase  contributes signicantly to  ( here represents any phase
among f; 0; ; ’12; ’13g). Notice however that this is a statistical statement, based
on choosing all the phases randomly and large.
6 The case VL = 1
In this section we particularize the previous study to the case VL = 1. In this case,
there is no flavour or CP violation induced radiatively by right-handed neutrinos in
the slepton mass matrices. Since we have xed the VL matrix, the number of unknown
parameters is reduced, and the CP asymmetry depends just on the neutrino mass
matrix and y1, the lightest eigenvalue of Y
y
Y .
When VL = 1, only the phases in the MNS matrix, ,  and 
0 are relevant, hence
the analysis of the previous section is greatly simplied. The CP asymmetry can be
written as the sum of the contributions from the phases ,  and 0,
 =  +  + ′ : (39)




Ajkl sin(j + k+ l
0) = C + C + C′ + C + C′ + C′ + C′ ; (40)
with C, C and C′ as in eqs.(34)-(36). Then, the contribution from the phases ,
 and 0 to the CP asymmetry read
 = C +
1
2




 = C +
1
2




′ = C′ +
1
2





As before, and since we are only concerned with the relative contributions from the














2 = 1 : (43)
In Figure 1 we show the numerical results for dierent CHOOZ angles. We show the
results for the LAMSW solution to the solar neutrino problem and the mass hierarchy
m1 : m2 : m3 = 10
−2 : 0:1 : 1. Each point corresponds to a random value of
the phases ,  and 0 between 0 and 2. In view of eq.(43), we nd convenient to
present the results on a triangular plot, where the distance to the sides of the triangle
corresponds to the \phase overlaps" squared, dened in eq.(42) (see upper left plot).
When the CHOOZ angle is close to the experimental bound (upper right plot) over
most of the parameter space the relevant phases are  and 0, and their contributions
are approximately equal. In this case, the phase  is essentially irrelevant, except for
a few points that correspond to 2 − 0 ’ 0; . On the other hand, when the CHOOZ
angle is moderately small (lower left plot), we nd points scattered over the whole
triangle: the three phases are relevant in this case. One can also see from the gure
that the points seem to follow a circular pattern. We will come back to this issue
later on. Finally, when the CHOOZ angle is very small (lower right plot), the relevant
phases are  and 0, except for the points for which  − 0 ’ 0; , where the phase 
becomes relevant. A neutrino factory is expected to be sensitive to sin 13 > 10−4 [19]
and to be able to see CP violation for phases of order 1 is sin 13 > :01 [20].
These plots can be understood analytically using the approximation for the CP
asymmetry, eq.(30). When VL = 1, the CP asymmetry has a fairly simple expression
in terms of low energy neutrino data and y1, the lightest eigenvalue of Y
y
Y :
















































s213. For the mass hierarchy and the ranges
of CHOOZ angles that we are using, it turns out that m2  m1 ; m3s213, so we can




















=m33 the rst term in eq.(45)
dominates, unless 2 − 0 is close to 0 or . This condition is satised in particular
when the lightest neutrino is very light, which is an interesting physical possibility. For





Figure 1: “Phase overlaps” for the case VL = 1, i.e. Y†νYν diagonal. The upper left plot indicates
the meaning of the distances to the different sides of the triangle. The rest of the triangles show
density plots of the “phase overlaps” for random values of the phases and different CHOOZ angles:
0.1 (upper right), 0.01 (lower left) and 0.001 (lower right). The darkest regions correspond to the
largest density of points.
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is satised when the CHOOZ angle is close the present experimental limit. Recall that
13 > :01 is required to detect  at a neutrino factory, so this limit would hold if CP










s213 sin(2 − 0); (46)
that does not depend on ; only on  and 0. Furthermore, the dependence is such
that one cannot conclude whether the "leptogenesis phase" is  or 0. Instead, in
this limit, the "leptogenesis phase" is the combination 2 − 0. Comparing eq.(46)
with the Fourier expansion, eq.(40), it follows that for most points,  ’ C′ . Hence
 ’ 0,  ’ ′ ’ C′=2. ( ’ ′ is a consequence of the fact that  depends on a
combination of  and 0.) Consequently, most points in the scatter plot, Fig. 1, upper
right, are concentrated in the middle of the side corresponding to O = 0.
On the other hand, when the CHOOZ angle is very small, it is the second term in








sin(− 0) : (47)
The CP asymmetry only depends on  and 0, and the "leptogenesis phase" is − 0.
As before, comparing eq.(47) with the expansion eq.(40), we conclude that for most
points,  ’ C′. Hence,  ’ 0,  ’ ′ ’ C′=2. In consequence, most points in
Fig.1, lower right, are concentrated in the middle of the side corresponding to O = 0.





, both terms in eq.(45) have
to be taken into account. In this case, we cannot say that there is a single "leptogenesis
phase": both −2 and −0 are "leptogenesis phases". Concerning the contributions
from the phases ,  and 0 to the CP asymmetry, it is apparent from eq.(45) that in






























From these formulas, it is possible to understand the circular pattern that appears in
Fig. 1, lower left, changing from triangular coordinates to Cartesian coordinates. We
16
dene the Cartesian axes setting the origin at the lower left vertex of the triangle, and









y = O2 ; (49)
and using that ′ ’  + , we obtain, after some algebra, (x− 1p3)2 + (y − 13)2 ’ 19 ,
which is the equation of a circle centered in the barycentre of the triangle, with radius
1=3.
7 The general case
In the general case the number of unknown parameters involved is rather large (ve
phases, two angles in the VL matrix and the CHOOZ angle), so the analysis is much
more intricate since many dierent limits arise. However, we will see that only a few
limits are distinct and physically interesting; the rest correspond to small regions in the
parameter space that could arise in particular models, but that we will not consider,
following the same bottom-up spirit as in the rest of the paper.
The dierent limits stem from the possible ways to expand the denominator in our















































































where we have approximated cos 13 ’ 1 and we have assumed maximal solar and
atmospheric mixings. It is apparent from these equations that dierent limits are going
to arise depending on the mixing angles in VL and the CHOOZ angle. We nd then
an interesting interplay between leptogenesis and lepton flavour violation, induced by




Y VL. However, from the parametrization we
have chosen for VL, eq.(21), one realizes that the o-diagonal elements of Y
y
Y depend
also on L23, that does not play any role in the CP asymmetry generated in the decay of
the lightest right-handed neutrino. It is important, though, for the computation of the
CP asymmetry generated in the decay of the next-to-lightest right-handed neutrino,
that could be relevant, or even dominant, in some scenarios (particularly in scenarios
with non-thermal creation of right handed neutrinos). Research along this lines would
17
be certainly interesting, since in this case lepton flavour violation could be intimately
related with leptogenesis.
We obtain simple analytic expressions when the denominator of eq. (50) can be
expanded in small parameters. When jW13j2 < jW12j2m22=m23 which will be the case
if L12, 
L


















On the other hand, when the mixing in VL is large, in the sense that sin 
L
12 or sin 
L
13
is larger than  0:1, then jW13j2 > jW12j2m2=m3 , and the CP asymmetry reads














There is also an intermediate case, between these limits, where jW13j2m3=m2 <
jW12j2 < jW13j2m23=m22 . We do not discuss this, because m3=m2  10 for the
hierarchical LMA solution we consider.
Let us analyze the two cases separately.
7.1 jW11j  jW12j  jW13jmν3=mν2
The analysis for this case is parallel to the one we performed in the previous section for
the case VL = 1, where jU11j  jU12j  jU13j. Using that m2  m1 , m3sisj, where




13, we can expand eq.(52), keeping the leading order terms in the





























Obviously, in the limit sL12; s
L
13 ! 0 we recover eq.(45). In the case VL = 1 we found dif-
ferent limits, depending on the value of the CHOOZ angle. Now, the role of the CHOOZ
angle is played by the angles L12, 
L
13 and the CHOOZ angle itself, and the results are












term proportional to (m3=m2)






















We recall here that this limit corresponds to the case where the lightest neutrino mass
is very small. On the other hand, for the mass hierarchy that we are using as reference
to present our numerical results, m1 : m2 : m3 = 10
−2 : 0:1 : 1, this limit arises when
any of the angles is much larger than  0:01, in particular, when the CHOOZ angle
is close to the experimental bound and the relevant angles in VL are comparable to or
smaller than the CHOOZ angle.
When the three angles are comparable in size, we see that there are three \lepto-
genesis phases": 2 − 0, 2’12 + 0 and 2’13 + 0 (the arguments of the sines in the
last three terms of eq.(55) are combinations of these). Notice that in this limit 0 is an
important phase for leptogenesis, although it cannot be regarded as the \leptogenesis
phase", since the actual \leptogenesis phases" are combinations of 0 with other phases.
However, an indication for a non-vanishing 0, coming for example from experiments
on neutrino-less double beta decay, would provide an indication for leptogenesis.
If there are two angles that are comparable, while the third is much smaller than
the others, then there are two \leptogenesis phases". To understand better the results
for this limit, we analyze in some detail the case s13 ’ sL12  sL13. If sL23 is also small,
this case would produce small rates for  ! eγ, as can be checked from eq.(21). The
results for the other possibilities, s13 ’ sL13  sL12 and sL12 ’ sL13  s13, can be easily
deduced from this analysis, making the appropriate substitutions. We have computed
numerically the dierent contributions to the CP asymmetry for the choice of angles
s13 = s
L
12 = 0:03, s
L
13 = 0, the mass hierarchy m1 : m2 : m3 = 10
−2 : 0:1 : 1 and
assigning random values, between 0 and 2, to the phases. We obtain that for most
of the parameter space, the only non-vanishing contributions to the CP asymmetry
are , ’12 and ′ (’13 does not play any role, because we have set s
L
13 to 0 ). Since
there are essentially only three contributions involved, a convenient way of presenting
the results is using a triangular plot. In Fig.2, left, we explain how to interpret the
distances to the dierent sides of the triangle, whereas in Fig.2, right, we show the
numerical results of the calculation. We nd that in general the three contributions
are comparable, although the contribution from 0 is slightly larger than the other two.
This can be understood from the analytical approximation, eq.(55), setting sL13 = 0.














































Figure 2: The same as Fig.1, for the case where s13 = sL12 = 0.03, s
L
13 = 0. The left plot indicates
how to interpret the distances to the different sides of the triangle, and the right plot shows a density
plot of the “phase overlaps” for random values of the phases. The darkest regions correspond to the










12 sin( − ’12 − 0);
that are in general comparable.
Finally, if one of the angles dominates over the others, the conclusions are very
similar as for the case VL = 1, where the CP asymmetry received contributions from
0 and . Here, the role of  is played by the phase corresponding to the angle that
dominates ( for s13, ’12 for s
L
12, and ’13 for s
L
13). In this case,  ’ Cx′, where x is the
relevant angle among , ’12 and ’13. On the other hand, the normalized contributions
are Ox ’ O′ ’ 1=
p
2, while they are vanishing for the rest of the phases. For example,
if sL12  s13; sL13, then  ’ C′’12 and O’12 ’ O′ ’ 1=
p
2.















sin(− 0) : (58)
In this limit, the results are identical as in the corresponding limit in the case VL = 1,
and there is a single \leptogenesis phase", − 0. So, the normalized contributions to
20
the CP asymmetry from  and 0 are equal to 1=
p
2, while the contributions from the
rest of the phases vanish. The numerical analysis yield a plot that is very similar to
Fig.1, lower right, where the role of O is played by either O’12, O’13 or O.
 Lastly, in the situations where the two terms in eq.(54) are comparable, the
analysis is very involved, since in principle there are four independent \leptogenesis
phases", namely, 2 − 0, 2’12 − 0, 2’13 − 0 and  − 0. So, the CP asymmetry
receives contributions from the ve phases, and in general they are comparable in size.
Hence, it is very dicult to extract any general conclusion for this case.
7.2 jW12j2mν2=mν3 < jW13j2
For simplicity, and since the number of phases and angles involved is rather large,
we will set one of the angles in VL equal to zero, say s
L
13 = 0, so the phase ’13
becomes irrelevant. Since sL12 and s
L
13 appear in a similar way in the formulas, one can
qualitatively derive the result when sL13 is dierent from zero. With this choice, we
are left with only two angles, the CHOOZ angle, s13, and one angle in VL, s
L
12. The
limit we are studying in this section requires sL12 larger than  0:1. Then, using the
experimental bound on the CHOOZ angle and that our phases are generically of order












s13 cos( + ’12)
)
: (59)











































[2 sin( − ’12 − 0)







This expression is rather cumbersome and it is dicult to extract information from
it. It is not possible in general to identify the \leptogenesis phase", although it is
clear that leptogenesis depends mainly on 0 and ’12, whereas the dependence on  is
weaker.
In Fig.3 we show the numerical results for this case. As usual, we show a triangle
with the meaning of the distances to the dierent sides (upper left plot), and density
plots of the \phase overlaps" for the mass hierarchy m1 : m2 : m3 = 10
−2 : 0:1 : 1,
and taking random values for the phases between 0 and 2. In the upper right (lower
left) plot we show the results for tan L12 = 0:5 (1) and s13 = 0:1. In both plots, the
points are concentrated close to the base of the triangle (that corresponds to O small),
due to the small value of the CHOOZ angle. In the plot corresponding to tan L12 = 0:5
21
the points are concentrated around the center of the base, whereas for tan L12 = 1,
they are spread all over the base. This can be understood from the dependence of 
on cot L12. For tan 
L
12 = 0:5, the terms with both ’12 and 
0 are the dominant ones,
so C′’12 is the largest contribution to the CP asymmetry. On the other hand, when
tan L12 = 1 these terms are comparable to the one with sin
0, so  is dominated by
C′’12 and C′. Depending on the value of 
0 the points spread along the basis of the
triangle. In the lower right plot we show the numerical results for tan L12 = 0:5 and
s13 = 0:01. The plot is similar to the one with s13 = 0:1 but with an even smaller value
of O.
8 Summary and Discussion
If neutrino masses are due to the seesaw mechanism, then the heavy right-handed
neutrinos can generate a lepton asymmetry in the early Universe when they decay out
of equilibrium, if they have CP violating couplings. Such complex couplings in the
high energy parameters could induce three phases in the light neutrino sector, called
, 0 and  (these are the phases that appear in the MNS matrix; see eqs. (7) and (8)).
Upcoming experiments may be sensitive to two of these phases: the Dirac phase  could
be measured at a neutrino factory, whereas the Majorana phase 0 might have some
observable eects in neutrino-less double beta decay. In this paper, we are interested
in the relative importance of the phases 0 and  for leptogenesis.
To address this issue, we use a parametrization of the seesaw in terms of weak
scale variables: the light neutrino masses, the MNS matrix, the eigenvalues of the
neutrino Yukawa matrix, and a unitary matrix VL. We assume a hierarchical light
neutrino spectrum, with the lightest neutrino mass of order m3=100, and an MNS
matrix that corresponds to the LAMSW solution to the solar neutrino problem. The
matrix VL is related to the o-diagonal (lepton flavour violating) elements of the slepton
mass matrix, and contains three phases, two of which (’12; ’13) are relevant for our
calculation. It is important to use a parametrization in terms of \physical" weak scale
phases; this is discussed in section 5.
In the parameter space we are interested in, we nd a simple analytic approximation




















(see eq. (30)). In this equation, y1 is the smallest eigenvalue of the neutrino Yukawa
matrix, and W is the unitary transformation from the basis where the L mass matrix
is diagonal to the basis where YyY is diagonal: W1n = [VL]1m[U ]mn where VL and U
are dened in eqs. (7), (8) and (21).
We are interested in the relative importance of the phases 0 and  for . That is,
we do not discuss whether we get  large enough, which is essentially controlled by real
parameters, such as y1. We assume that the observed baryon asymmetry is produced






Figure 3: The same as fig.1 for different situations where jW12j2mν2/mν3 < jW13j2. The upper
left plot indicates the meaning of the distances to the different sides of the triangle. The rest of the
triangles show density plots of the “phase overlaps” for random values of the phases, sL13 = 0 and
tan θL12 = 0.5, s13 = 0.1 (upper right), tan θ
L
12 = 1, s13 = 0.1 (lower left), and tan θ
L
12 = 0.5, s13 = 0.01
(lower right). The darkest regions correspond to the largest density of points. (See sect. 7.2 for
details.)
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the CP asymmetry. In other words, if we suppose that  is of the correct size, what
fraction of  is due to  or 0?




Ajklmn sin(j + k+ l
0 +m’12 + n’13) ; (62)
and then divide the sum into ve components, one due to each phase. In , which
is the component due to , we put all the terms from the Fourier expansion that are
/ sin(j). We dene C to be the sum of all the terms / sin(j + n), and divide it




C to . We also add the terms
/ sin(j+n+m), multiplied by 1/3, and so on ( and  are one of f; 0; ’12; ’13g).
This procedure is described in more detail in section 5, and the formula for  can be
found in eq.(37). Then we dene a normalized \fraction of  due to ", which we call





The magnitude of O or O′ depends on ve phases and three unknown real parameters:
the CHOOZ angle, 13, and two angles from VL, that is related to radiative decays.
In the numerical calculation, we x the real angles and assign random values (linearly
distributed) to the phases between 0 and 2. The numerical results are shown in
density plots in the O − O′ space.
We present results for two representative cases. In section 6 we discuss the VL = 1
case, where the three relevant phases are , 0 and  (the phases of the MNS matrix),
and in Section 7 we allow for two non-zero angles in VL. For the sake of clarity in
the presentation, in Section 7 we analyze simplied scenarios to reduce the number of
phases involved to three. Since the denition of overlap satises the identity
∑
O2 = 1,
a convenient way of showing the results is by using a triangular plot, where the distance
to each side of the triangle corresponds to O2.
The VL = 1 model should be a good approximation when the angles in VL are
smaller than the CHOOZ angle. It can be checked from eqs.(51) and (61) that the
Dirac phases , ’12 and ’13 appear in  multiplied by the sine of a real angle (13, 
L
12




13 are much smaller than the CHOOZ angle 13, then
’12 and ’13 are less important for  than .
In Section 7 we analyze the situation where there are angles in VL larger than the
CHOOZ angle. The angles of VL are related to the branching ratios for ‘j ! ‘iγ, as
discussed after eq. (22) : BR(‘j ! ‘iγ) / j[VL]3j [VL]3ij2 Current limits on  ! γ,
 ! eγ, and  ! eγ are satised if all angles Lij < :1. However, present bounds
and anticipated improvements on all three branching ratios can be satised if e.g.
L13; 
L
23 ’ 0 and L12  1. So it is phenomenologically possible to have at least one large
angle. The associated phase could then be important for leptogenesis; this possibility
is studied in that section.
The approximate expression for , eq.(61), shows that for genericW1j ,  / Im(W12W 13)2.
That is, the terms proportional to m1 can be neglected when W12 W13, as discussed
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in section 7. Recall that W13 contains terms  sin 13, sin L12, sin L13. We set sin L13
to zero, to ensure that ‘j ! ‘iγ constraints are satised, and because the functional
dependence of  on sin L12 and sin 
L
13 is similar
4. So the case studied in that section
has three phases: , 0 and ’12.
We nd that the Majorana phase 0 is (almost) always important for leptogenesis.
For instance, the fraction of  that is due to 0, O′, is signicant in all the cases we
have studied. Algebraically, the reason is that the main contribution to  in eq.(61) is
generically proportional to W12, that is proportional to e
i′ , unless some cancellations
occur. The contribution from any of the other phases can be suppressed by sending
a small parameter to zero. The Majorana phase of m1 , , becomes unimportant as
m1 ! 0, and the three Dirac phases , ’12 and ’13 multiply angles which are positively




13). The contribution of 
0, on the other hand,
is consistently signicant.
It is interesting to study how closely related are the Majorana phases of the light
neutrinos to the Majorana phases of the heavy right-handed neutrinos. It is well
known that when neutrinos have Majorana masses, there is CP violation even in the
two generation model. This suggests that the Majorana phases of the R sector could
be more important for leptogenesis than the Dirac phase, because they can contribute
to the CP asymmetry  suppressed by mixing between only two of the R, rather than
mixing among the three R, as required for the Dirac phase. However, there is no
symmetry-based distinction between Majorana phases and Dirac phases. The high
scale Majorana phases are functions of all the weak scale parameters|the real ones
as well as all the Dirac and Majorana phases. So the reason 0 is important is not
that low energy Majorana phases determine the high scale Majorana phases. On can
check from the formulae in section 4 that 0 is usually signicant because it multiples
a not-very-small mass, rather than a (possibly) small mixing angle.
We nd that the phase , the phase that neutrino factories could measure, can
be important for leptogenesis. When the CHOOZ angle is large enough to detect CP
violation at neutrino factories (which requires 13 > :01),  contributes signicantly
to the leptogenesis phase (jOj2 > :3) provided that the o-diagonal elements of the
slepton mass matrix are small, or more precisely, that L12; 
L
13
< 13. This can be seen
from our low-energy approximation to , eq. (61): if W13 is not too small,  depends on
the phase dierence between W12 and W13, and if 13 > L12; L13, the phase of W13 is .
Although  appears always suppressed by the CHOOZ angle, which is small, it plays
an important role, because W13 is multiplied by the largest neutrino mass m3 . So it
is signicant, unless L12; 
L
13
> 13 (see g 3) The branching ratios ‘j ! ‘iγ depend
on the Lij , as discussed in section 4. Measuring these branching ratios could determine
the size of some of the Lij relative to the CHOOZ angle 13, and therefore the probable
importance of . However, lepton flavour conservation in the charged lepton sector,
does not imply that O is large. Even if none of the decays ‘j ! ‘iγ are observed, L12
can still be large, making ’12 more relevant for leptogenesis than .
We do not nd a simple correlation between the sign of low energy phases and the
sign of the CP asymmetry . Such a correlation would be interesting, and exists in




certain models [41]. However, in our bottom-up approach,  is usually proportional
to phase dierences (  sin(j + n)), as can be seen from eq. (61) and the various
limiting cases discussed in sections 6 and 7.
In summary, we have studied the relative importance of low energy phases for
leptogenesis. Using a parametrization of the seesaw mechanism in terms of weak scale
variables, we express the CP asymmetry produced in the decay of the lightest R as a
function of the \neutrino factory phase" , the \neutrinoless double beta decay phase"
0, and three other \physical" weak scale phases. We introduce a way of splitting  into
contributions due to the dierent phases, , 0, etc. We assume that  is big enough to
be responsible for the observed baryon asymmetry, and compare the relative size of the
dierent contributions. We nd that 0 is generically important for leptogenesis. The
importance of  depends on the mixing angles of the slepton sector. If these are smaller
than the CHOOZ angle, then  makes a signicant contribution to leptogenesis.
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Addendum
After this work was completed, a related analysis appeared [46].
Appendix
In the appendix we explain the numerical procedure that we have followed to compute
the contributions to the CP asymmetry from the dierent phases. For the sake of clarity
we will only present the procedure we followed for the case VL = 1, where only the
phases ,  and 0 were relevant. The extension to the general case is straight-forward.





Ajkl sin(j + k+ l
0) = C + C + C′ + C + C′ + C′ + C′ (64)






































d − (C + C′)
C′ = − (C + C + C′ + C + C′ + C′) : (67)
These integrals can be computed numerically, thus giving the dierent contributions
to the CP asymmetry. This avoids diculties with the points where the approximation
eq. (30) breaks down. However, it is also interesting to solve this integrals analytically,
to cross-check the results we obtained in Section 6. The results for the double integrals
are
C ’ 0 C ’ 0 C′ ’ 0: (68)
On the other hand, the results for the single integrals is more involved and depends on
the particular point of the parameter space. These integrals can be computed using
the residue theorem; the number of poles inside the unit circle depends on the values
of the phases and other neutrino parameters, especially on the CHOOZ angle, hence
the dependence of the result on the chosen parameters. However, some care must be
exercised in using the residue theorem, because there can be poles in eq. (30) at points
where the approximation breaks down. Such poles must be neglected.
The results for the single integrals are dierent depending on the CHOOZ angle.
We consider three possibilities:
 When the CHOOZ angle is close to the experimental upper limit, or to be precise,
when
jm1 c213c212 ei +m3 s213 e2ij < m2 c213s212
jm2 c213s212 ei′ +m3 s213 e2ij > m1 c213c212 (69)
jm1 c213c212 ei +m2 c213s212 ei′ j < m3 s213 ;
the single integrals read
C ’ 0

































s213 sin(2 − 0)
C′ ’ 0 ; (70)
where D was dened after eq.(44). This result, coincide with eq.(46), that was obtained
using a completely dierent method.
 When the CHOOZ angle is very small, or when the conditions
jm1 c213c212 ei +m3 s213 e2ij < m2 c213s212
jm2 c213s212 ei′ +m3 s213 e2ij < m1 c213c212 (71)
jm1 c213c212 ei +m2 c213s212 ei′ j > m3 s213
27
are fullled, the results for the single integrals are
C ’ 0
C′ ’ 0 (72)




































This result is identical to the result obtained using series expansions in Section 6,
eq.(47).
 For intermediate values of the CHOOZ angle, it is usually the case that
jm1 c213c212 ei +m3 s213 e2ij < m2 c213s212
jm2 c213s212 ei′ +m3 s213 e2ij > m1 c213c212 (73)
jm1 c213c212 ei +m2 c213s212 eij > m3 s213 ;
so the single integrals are
C ’ 0

































s213 sin(2 − 0)



































sin(− 0) ; (74)
that are identical to eq.(49).
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